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Abstract
In the paper the flow in a thin tubular structure is considered. The velocity of the flow stands for
a coefficient in the diffusion-convection equation set in the thin structure. An asymptotic expansion
of solution is constructed. This expansion is used further for justification of an asymptotic domain
decomposition strategy essentially reducing the memory and the time of the code. A numerical
solution obtained by this strategy is compared to the numerical solution obtained by a direct FEM
computation.
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1 Introduction
The paper is devoted to the strategy of numerical implementation of the asymptotic partial decomposition
of the domain for the tubular structures of a complicated geometry. We will consider the Stokes flow
in this structure and the convection-diffusion and sorption process for some diluted substance. First we
consider an asymptotic expansion of the solution. We emphasize the importance of the boundary layers
in the neighborhood of some special structural elements of the tubular domain, such as the bifurcations
of canals and ”stenosis areas”. That is why some multiscale strategy should be applied to the analysis
of the convection-diffusion process: the 1D limit description in the canals will be coupled with some 2D
zooms in these special structural elements.
In section 2 we define a tubular structure as a union of thin rectangles connected by some domains
of small diameters. The Stokes equation and the diffusion-convection equation are set in this domain.
For the Stokes equation the Dirichlet conditions are respected at the lateral boundary with some given
inflow and outflow. For the diffusion-convection equation we pose the Robin type condition at the
1
lateral boundary with some given inflow and outflow concentrations. The viscosity and the diffusion are
constant out of some ”stenosis area” where they may have variations. The varying viscosity can be used
for the modeling of a clot in the blood circulation process. Indeed, if at some part of the domain the
viscosity is great, then, applying the idea of the fictitious domain method, we can exclude this part of
the domain from the flow area (see Remark 1).
In section 3 we consider the Stokes equation in tubular structure. The asymptotic expansion of the
solution for constant viscosity has been obtained in [1]. In this section we construct the boundary layer
correctors for the varying viscosity in the stenosis areas.
In section 4 the convection-diffusion equation is considered. First we construct the asymptotic ex-
pansion in an infinite tube (subsection 4.1). Then using this expansion as a regular ansatz we add the
boundary layer correctors in the stenosis zones (subsection 4.2) in a bifurcation area and in the en-
trance/exit elements (subsections 4.3 and 4.4). In the subsection 4.5 the leading term of the asymptotic
expansion is presented. The justification of the asymptotic expansion follows the scheme: estimate for
the residuals and application of the a priori estimates for the initial problem.
Section 5 describes one version of the partial asymptotic domain decomposition strategy for the mass
transport problem in a tubular structure.
Finally, section 6 develops the numerical experiment comparing the direct numerical solution of
the 2D problem and the asymptotic solution of the partially decomposed problem. The results of this
experiment confirm good coincidence of the exact solution and the approximate solution obtained by the
method of asymptotic partial decomposition of domain.
2 Geometry of tubular structure and setting of the problem
We will introduce the tubular domain which consists of three types of structural elements: canals,
bifurcations and stenosis areas. This tubular structure is similar to the rod structures introduced in
[2] and the tube structures or pipe structures introduced in [3]; we consider a new element that is, the
stenosis area, simulated by varying coefficients of the equation (viscosity and diffusion coefficients) and
not by geometric singularity.
Let us remind the definition of a tube structure.
Let e1, ..., en be n closed segments in R
2 which have a single common point 0 (i.e. the origin of the
coordinate system) and let it be the common end point of all these segments. Let θ1, ..., θn ∈ (0, 1)
be n positive numbers. Making a change of variables (rotation) such that the new axis x1 denoted x
ei
1
contains the segment ei and the second new axis x
ei
2 is orthogonal to ei, we define
Bεi =
{
(x1, x2) ∈ R2 : xei1 ∈ (0, |ei|) , xei2 ∈
(
−θiε
2
,
θiε
2
)}
.
Fig. 1
Let γ0 be a bounded domain containing O, γi be a bounded domain containing Oi, the end point of ei
(different from O). We assume for simplicity that diam(γi) , diam(γO) < 2. Consider the homothetic
2
contraction of γ0 in
1
ε
times with the center of the homothety in O and denote γεO the image of γ0 by
this homothety, i.e.
γεO =
{
(x1, x2) ∈ R2 :
(x1
ε
,
x2
ε
)
∈ γ0
}
.
In the same way we consider
γεi =
{
(x1, x2) ∈ R2 : (x1, x2)−Oi
ε
+Oi ∈ γi
}
the homothetic contraction of γi in
1
ε
times with the center of the homothety in Oi.
Define the one bundle tube structure
Bε =
(
n⋃
i=1
Bεi
)
∪
(
n⋃
i=1
γεi
)
such that it is a connected domain with the C2−smooth boundary.
In a more general case, we will consider several one-bundle structures Bε1, Bε2, ..., Bεm such that
every of these structures is associated to some segments:
e11, ..., e1n1 for Bε1,
e21, ..., e2n2 for Bε2,
...
em1, ..., emnn for Bεm.
Assume that if two of these segments have common point then it is an end point for each of these
segments; assume that the union
m⋃
q=1
Bεq is a connected domain with C
2−smooth boundary. In this case
we will call this union Bε =
m⋃
q=1
Bεq a multi-bundle tube structure. If an end point of some segment eij
is not an end point for all other segments then such end point will be called solitary.
We will consider the Stokes equation and the convection-diffusion equation in such tube structure.
The boundary condition is the vanishing velocity for the Stokes equation everywhere except of some
special parts of the boundary (entrance and exit). These parts are some connected parts Γi of the
boundary of smoothing domains γi. We assume that the end points of segments corresponding to this γi
are solitary end points. Let Γ1, ...,Γr be these parts of the boundary.
We consider the Stokes equation in such a tube structure with the varying viscosity coefficient µ :
div
(
µε (x)
(
∇uε + (∇uε)T
)
− pεI
)
= fε (x) ,
div uε = 0,
(1)
where the divergence is taken with respect to the elements of each line of the matrix µε (x)
(
∇uε + (∇uε)T
)
−
pεI, and the convection-diffusion equation
− div (Kε (x)∇cε) + uε (x) · ∇cε = g (xei1 ) . (2)
Assume that g = 0 in some neighborhood of the end points of the segments, g ∈ Ck+2 (ei) for all
segments ei.
We will assume that µε and Kε are positive constants µ and κ respectively, everywhere except some
”stenosis areas” where they have a form:
µε (x) = µ+M
(
x− xs
ε
)
and Kε (x) = κ +K
(
x− xs
ε
)
(3)
3
whereM and K are measurable bounded function having a finite support inside the ball B
(
xs
ε
, 2
)
with
the center
xs
ε
and the radius 2, such that,
∃κ1 > 0 : µε (x) , Kε (x) ≥ κ1.
Here xs are some points belonging to the segments ei of the graph of the structure, they are different
from the end points and are independent of ε.
The sorption will be modeled by the boundary condition for the diffusion-convection equation, i.e.
let us consider the boundary conditions:
uε = 0 on the lateral boundary ∂Bε \
(
r⋃
t=1
Γt
)
, (4)
Kε (x)
∂cε
∂n
= εβcε on the lateral boundary ∂Bε \
(
r⋃
t=1
Γt
)
, (5)
uε = G
(
x− xbt
ε
)
on Γt (6)
cε = qt = const on Γt, t = 1, ..., r (7)
where xbt is an end point, inside γt, of a corresponding segment, n is an outer normal, G ∈ C20 (γt) and∑
t
∫
Γt
n ·G
(
x−xbt
ε
)
ds = 0.
Remark 1 The varying viscosity and diffusion coefficients can be used for the modelling of a clot in the
blood circulation process. Let us remind the fictitious domain method. Consider an example: the Poisson
equation ∆u = f posed in a bounded domain G with the boundary condition u|∂G = 0; f ∈ L2 (G) . The
fictitious domain method reduces this problem to the problem set in a larger rectangular R ⊃ G :
div (Kω (x)∇uω) = F (x) , x ∈ R,
uω|∂R = 0
where
Kω (x) =
{
1, x ∈ G,
ω, x ∈ RG, F (x) =
{
f (x) , x ∈ G,
0, x ∈ RG.
G
R
Fig. 2
For smooth ∂G, one can prove that, as ω → +∞
uω →
{
u (x) , x ∈ G,
0, x ∈ RG, in H
1 (R) .
So the field uω vanishes in the fictitious part of the domain. The same effect holds for the Stokes equation,
where the varying viscosity can be used to modelling the absence of flow in the fictitious part of domain
occupied by the clot.
4
3 The Stokes equation
We will consider separately the problem for the Stokes equation and the convection-diffusion one. First
we apply the results of [3] and get the asymptotic expansion of the solution. At the second stage we
assume that the velocity uε is known and consider the convection-diffusion equation with the velocity
coefficient corresponding to the first term of the asymptotic approximation.
The asymptotic solution of the Stokes problem was considered in [1]. The only difference is related
to the ”stenosis areas” where the boundary layers are constructed as follows.
A stenosis area can be simulated by a varying viscosity in some close neighborhood of the origin
of the coordinate system. Then we can consider one channel parallel to the Ox1 axis, i.e. Ĝε =
(−1, 1)×
(
−ε
2
,
ε
2
)
. We will not take care of the ends of this channel because these ends are supposed to
be junction points with some other channels and the construction of the bifurcation boundary layers is
described in [1]. So we will try to construct a solution of problem (1) stabilizing to a Poiseuille solution
as
x1
ε
→ +∞.
Let equations (1) be considered in this channel Ĝε and let the viscosity coefficient µε have a structure
µε (x) = µ+M
(x
ε
)
where µ > 0 is constant and M has a support inside the ball B (0, 2) =
{
ξ ∈ R2 : ξ21 + ξ22 < 4
}
such that
M (ξ) ≥ 0.
Then if the right-hand side fε is equal to zero, the asymptotic solution out of the boundary layer
zone (at some finite distance from 0) is a Poiseuille flow:
up = c1
( 1
2µ
(
x22 − ε
2
4
)
0
)
, p (x) = c1x1 + c2, (8)
where c1, c2 are some constants.
Then the boundary layer corrector has a form
(
ε2U (ξ) , εP (ξ)
)
and (U, P ) is a solution of the
following problem
divξ
((
µ+M
(
x
ε
)) (∇ξU + (∇ξU)T)− P (ξ) I) = −c1 divξ (M (ξ)( 0 1µ1
µ
0
)
ξ2
)
,
divξ U = 0, ξ ∈ (−∞,+∞)×
(
−1
2
,
1
2
)
,
U |ξ2=± 12 = 0,
where the right hand side
−c1 divξ
(
M (ξ)
(
0 1
µ
1
µ
0
)
ξ2
)
has a support inside B (0, 2) . It is well known ([4, 5]) that this problem has a unique solution (U, P )
stabilizing to (0, const) at the infinity. Then
(
up + ε
2U
(
x
ε
)
, p (x) + εP
(
x
ε
))
satisfies equation (1) and
flow coincides with the Poiseuille flow at a finite distance from zero with an exponentially small error
O
(
e−
α
ε
)
, α > 0. If P (ξ)→ 0 for ξ1 → −∞ and P (ξ)→ c+ for ξ1 → +∞, then we have to proceed the
following special gluing of pressure at zero:
1) we redefine a new (discontinuous)
p (x) =
{
c1x1 + c2, for x1 < 0,
c1x1 + c2 + εc+, for x1 > 0;
2) we redefine a new (discontinuous) (denoted by the same letter):
P (ξ) :=
{
P (ξ) , for ξ1 < 0,
P (ξ)− c+, for ξ1 > 0.
5
Mention that the sum p (x) + εP
(
x
ε
)
is still smooth and this new P (ξ) → 0 for ξ1 → ±∞, i.e. it has a
standard boundary layer shape. The justification of this expansion follows laterally [1]
4 The convection-diffusion equation
Consider the diffusion-convection problem (2), (5) and (7) in a tube structure Bε, where the coefficient
Kε is given by formula (3) and uε in (2) is replaced by the given vector-valued function Vε having the
following structure:
Vε (x) =

Vi
(
x−Oi
ε
)
for x ∈ Bε :
∣∣x−Oi
ε
∣∣ < 2, i = 0, .., n,
V˜s
(
x−xs
ε
)
for x ∈ Bε :
∣∣x−xs
ε
∣∣ < 2,(Vp„xei2ε «
0
)
for x ∈ Bε : xei2 ∈ ej,
∣∣x−Oi
ε
∣∣ ≥ 2, ∣∣x−xs
ε
∣∣ ≥ 2, for all i and s,
where Vp (ξ
ei
2 ) = −
(
(ξei2 )
2 − 14
)
and V˜s (ξ) and Vi (ξ) are some given smooth vector-valued functions
with finite support in the ball B (0, 2) , and xs are the ”stenosis nodes” and Oi are the ends of the
segments ei.
Really, the structure of the velocity field uε is more complicated: out of the balls of radius 2ε
surrounding the nodes Oi and the stenosis points xs the velocity differs from the Poiseuille flow by some
exponentially decaying boundary layer functions. Here we simplify the structure of the velocity field
replacing uε by Vε. So we consider here the problem:
− div (Kε (x)∇cε) + Vε (x) · ∇cε = g (xei1 ) (9)
with the boundary conditions
Kε (x)
∂cε
∂n
= εβcε on the lateral boundary ∂Bε \
(
r⋃
t=1
Γt
)
, (10)
cε = qt = const on Γt, t = 1, ..., r. (11)
We assume that β is a constant and β ≤ 0. It means that the sorption takes place: the outflow−κ∂cεr
∂n
is positive. It is well known that if at least one of given concentrations cs is equal to zero, then the
Poincare´-Friedrichs inequality for cε holds with a constant independent of ε. Then it could be shown that
there exists a constant u0, independent of ε, such that, if ‖uε‖L∞(Bε) ≤ u0 then there exists a unique so-
lution cε of problem (12)−(13). It satisfies an a priori estimate ‖cε‖H1(Bε) ≤ c
(
‖g‖L2(Bε) + ‖G‖H1(Bε)
)
,
where c is independent of ε (see [6]).
4.1 The asymptotic expansion in a channel
Consider the equation
− div (κ∇cεr) +V
(x2
ε
)
· ∇cεr = g (x1) , (12)
in the infinite channel Gε = (−∞,+∞)×
(− ε2 , ε2) ,where V (ξ2) = ( Vp (ξ2)0
)
, Vp (ξ2) = −
(
ξ22 − 14
)
;
we consider the boundary conditions
κ
∂cεr
∂n
= εβcεr if x2 = ±ε
2
. (13)
We will construct a function
c(k)εr (x1, ξ2) =
k∑
j=0
εjcj (x1, ξ2) (14)
6
such that it satisfies (12), (13) up to the terms of order εk if g ∈ Ck+2 (R). Substituting (14) into (12),
(13) we get
k∑
j=0
εj−2
(
κ
∂2cj (x1, ξ2)
∂ξ22
+ κ
∂2cj−2
∂x21
− Vp (ξ2) ∂cj−2
∂x1
)
= g (x1) +R
(k)
ε
where R
(k)
ε is a discrepancy
R(k)ε =
∑
j=k−1,k
εj
(
κ
∂2cj
∂x21
− Vp (ξ2) ∂cj
∂x1
)
,
and if ξ2 = ± 12 ,
±
k∑
j=0
εj−1κ
∂cj
∂ξ2
(x1, ξ2) |ξ2=± 12 =
k−1∑
j=0
εj−1β cj−1 (x1, ξ2) + ε
kβ ck (x1, ξ2) .
Equating the terms of the same power of ε, we get
κ
∂2cj
∂ξ22
= −κ∂
2cj−2
∂x21
+ Vp (ξ2)
∂cj−2
∂x1
+ g (x1) δj2
and for ξ2 = ± 12
±κ ∂cj
∂ξ2
|ξ2=± 12 = β cj−2 (x1, ξ2) .
The necessary and sufficient condition of existence of cj : the condition
κ
∫ 1
2
− 1
2
∂2cj
∂ξ22
dξ2 = κ
∂cj
∂ξ2
(
x1,
1
2
)
− κ ∂cj
∂ξ2
(
x1,−1
2
)
implies
−κ∂
2 〈cj−2〉
∂x21
+
〈
Vp (ξ2)
∂cj−2
∂x1
〉
+ g (x1) δj1 = β
(
cj−2
(
x1,
1
2
)
+ cj−2
(
x1,−1
2
))
where 〈·〉 = ∫ 12
− 1
2
·dξ2.
Each function cj is sought as a sum cj (x1, ξ2) = cj (x1) + c˜j (x1, ξ2) , 〈c˜j〉 = 0 and 〈cj〉 = cj . So for
cj−2 we get the equation:
−κ∂
2cj−2
∂x21
+ 〈Vp〉 ∂cj−2
∂x1
+
〈
Vp
∂c˜j−2
∂x1
〉
+ g (x1) δj2 = 2β cj−2 + β
(
c˜j−2
(
x1,
1
2
)
+ c˜j−2
(
x1,−1
2
))
.
So, we get an algorithm of the successive determination of cj , c˜j :
j = 0 :

κ
∂2c˜0
∂ξ22
= 0, ξ2 ∈
(− 12 , 12)
κ
∂c˜0
∂ξ2
|ξ2=± 12 = 0, 〈c˜0〉 = 0
and so, c˜0 = 0;
− κ∂
2c0
∂x21
+ 〈Vp〉 ∂c0
∂x1
+ g (x1) = 2β c0; (15)
7
j > 1; find c˜j : 
κ
∂2c˜j
∂ξ22
= −κ∂
2cj−2
∂x21
+ Vp (ξ2)
∂cj−2
∂x1
+ g (x1) δj1, ξ2 ∈
(− 12 , 12)
±κ ∂c˜j
∂ξ2
|ξ2=± 12 = βcj−2 (x1, ξ2) , 〈c˜j〉 = 0.
(16)
Remark c˜1 = 0, and find cj :
−κ∂
2cj
∂x21
+ 〈Vp〉 ∂cj
∂x1
+
〈
Vp
∂c˜j
∂x1
〉
= 2βcj + β
(
c˜j
(
x1,
1
2
)
+ c˜j
(
x1,−1
2
))
.
Lemma 2 Each c˜j (x1, ξ2) is a polynomial function in ξ2 of degree 2j.
Proof. By induction we prove that c˜j is a polynomial function of the degree 2j. Indeed, Vp is a
quadratic function and so the right hand side (16) is a polynomial of order 2 (j − 2) + 2. And so, after
two integrations of (16) we check that c˜j is a polynomial of order 2 (j − 2) + 2 + 2 = 2j. 
So we have constructed an asymptotic approximation (14) which satisfies equation (12) up to the
remainder R(k) and conditions (13) up to the remainder εkβ ck (x1, ξ2) |ξ2=± 12 .
Let us eliminate this remainder in the boundary conditions. To this end we will add a corrector
εk+1ĉk+1 (x1, ξ2) such that
±κ ∂
∂x2
εk+1ĉk+1
(
x1,
x2
ε
)
= εk+2βĉk+1
(
x1,
x2
ε
)
+ εkβck
(
x1,
x2
ε
)
for x2 = ±ε
2
,
i.e.
± κ ∂
∂ξ2
εk ĉk+1 (x1, ξ2) = ε
k+2βĉk+1 (x1, ξ2) + ε
kβck (x1, ξ2) for ξ2 = ±1
2
. (17)
For example,
ĉk+1 = κ
−1
{(
ξ2 − 1
2
)(
ξ2 +
1
2
)2
βck
(
x1,
1
2
)
−
(
ξ2 − 1
2
)2(
ξ2 +
1
2
)
βck
(
x1,−1
2
)}
satisfies (17). Then c
(k)
εr − εk+1ĉk+1 denoted by ĉ(k)εr satisfies the boundary conditions (13) exactly and
the equation (12) up to the remainder R(k) + R̂(k), where
R̂(k) =
{
−div (κ∇ĉk+1)− Vp (ξ2) ∂ĉk+1
∂x1
}
εk+1.
4.2 Structural element ”stenosis area”.
Consider the convection-diffusion equation in the channel Gε with the modified coefficients κ and V :
they are replaced by the functions
Kε (x) = κ +K
(x
ε
)
and Vε (x) =
(
Vp
0
)
+ V
(x
ε
)
such that Kε (x) ≥ κ1 > 0 for all x, divV
(
x
ε
)
= 0 and the support of the functions K (ξ) and V (ξ)
belongs to the ball B (O, 2) =
{
ξ ∈ R2 : |ξ| < 2} .
Consider the convection-diffusion equation
− div (Kε (x)∇cε) +Vε
(x
ε
)
· ∇cε = gε (x1) , in Gε (18)
8
with the boundary conditions
Kε (x)
∂cε
∂n
= εβcε, x2 = ±ε
2
. (19)
Let us construct a function c
(k)
εs satisfying equation (18) and conditions (19) up to remainder of order
εk. To this end we will consider the asymptotic approximation ĉ
(k)
εr of the previous section completed by
the special boundary layer corrector c
(k)
εsbl, having the form
c
(k)
εsbl =
k∑
j=0
εjUj
(x
ε
)
such that
|Uj (ξ)| ≤ c1e−c2|ξ1|.
Denote
Lε = div (Kε∇)−Vε · ∇.
Define
ρ (t) =
{
1 for |t| > 2;
0 for |t| < 1;
such that ρ and ρ′ are bounded. Consider the following asymptotic approximation
c(k)εs = ĉ
(k)
εr ρ
(x1
ε
)
+
k∑
j=0
εjUj
(x
ε
)
.
Then
Lεc
(k)
εs − g (x1) = −Lε
(
ĉ(k)εr
(
1− ρ
(x1
ε
)))
− g +
(
1− ρ
(x1
ε
))(
Lεĉ
(k)
εr − g
)
+
+ Lε
 k∑
j=0
εjUj
(x
ε
)+Rk,
where Rk = ρ
(x1
ε
)(
Lεĉ
(k)
εr − g
)
and
∣∣Rk∣∣ ≤ εkconst.
Expand ĉ
(k)
εr in powers of εξ1 :
ĉ(k)εr =
k∑
j=0
εj
k∑
l=0
εl
l!
ξl1
∂lcj
∂xl1
(0, ξ2) +Rk =
k∑
r=0
εr
r∑
l=0
ξl1
l!
∂lcr−l
∂xl1
(0, ξ2) +Rk.
Let us denote K (ξ) the function κ +K (ξ) and V (ξ) the function
(
Vp
0
)
+ V (ξ) . We have
Lε
(
ĉ(k)εr
(
1− ρ
(x1
ε
)))
=
k∑
j=0
εj−2divξ
(
K (ξ)∇ξ
(
j∑
l=0
ξl1
l!
∂lcj−l
∂xl1
(0, ξ2)× (1− ρ (ξ1))
))
−
−
k∑
j=0
εj−1V (ξ) · ∇ξ
(
j∑
l=0
ξl1
l!
∂lcj−l
∂xl1
(0, ξ2)× (1− ρ (ξ1))
)
.
So, for Uj we get equation
divξ (K (ξ)∇ξUj (ξ))−V (ξ) · ∇ξUj−1 (ξ) + Tj (ξ) = 0, ξ1 ∈ R, ξ2 ∈
(
−1
2
,
1
2
)
,
9
where
Tj (ξ) = divξ
(
K (ξ)∇ξ
(
j∑
l=0
ξl1
l!
∂lcj−l
∂xl1
(0, ξ2)× (1− ρ (ξ1))
))
−
−V (ξ) · ∇ξ
(
j−1∑
l=0
ξl1
l!
∂lcj−1−l
∂xl1
(0, ξ2)× (1− ρ (ξ1))
)
.
For the boundary conditions, in the same way:
±
k∑
j=0
εj−1K (ξ)
∂Uj
∂ξ2
±
k∑
j=0
εj−1K (ξ)
∂cj
∂ξ2
(ρ (ξ1)− 1) = εβ
 k∑
j=0
εjUj +
k∑
j=0
εjcj (ρ (ξ1)− 1)
 , ξ2 = ±1
2
and so
±K (ξ) ∂Uj
∂ξ2
= Sj (ξ) , ξ2 = ±1
2
where
Sj (ξ) = −
{
±
j∑
l=0
K (ξ)
ξl1
l!
∂l+1cj−l
∂ξ2∂x
l
1
(0, ξ2) (1− ρ (ξ1))− β
j−2∑
l=0
ξl1
l!
∂lcj
∂xl1
(0, ξ2) (1− ρ (ξ1))− βUj−2
}
.
Necessary and sufficient condition of existence of a bounded solution Uj :
{Tj (ξ)−V (ξ) · ∇ξUj−1} = {Sj}+ + {Sj}−
where
{·} =
∫
(−∞,0)×(− 12 ,
1
2 )
·dξ +
∫
(0,+∞)×(− 12 ,
1
2 )
·dξ
and
{·}± =
∫
(−∞,0)
·|ξ2=± 12 dξ1 +
∫
(0,+∞)
·|ξ2=± 12 dξ1.
This condition gives one interface condition for
∂cj−1
∂x1
(0+) and
∂cj−1
∂x1
(0−) :
{Tj} =
∫ 1
2
− 1
2
K (ξ) dξ2
∂cj−1
∂x1
(0−)−
∫ 1
2
− 1
2
K (ξ) dξ2
∂cj−1
∂x1
(0+)+
+
∫ 1
2
− 1
2
K (ξ)
∂c˜j−1
∂x1
(0−, ξ2) dξ2 −
∫ 1
2
− 1
2
K (ξ)
∂c˜j−1
∂x1
(0+, ξ2) dξ2+
+ all other terms of Tj except l = 1 for div.
So, if we pose Qj =
∫ 1
2
− 1
2
K (ξ)
∂c˜j−1
∂x1
(0−, ξ2) dξ2 −
∫ 1
2
− 1
2
K (ξ)
∂c˜j−1
∂x1
(0+, ξ2) dξ2, we get condition:
−
∫ 1
2
− 1
2
K (0, ξ2) dξ2
[
∂cj−1
∂x1
]
= gj (20)
where
gj = −{Tj (ξ)−V (ξ) · ∇ξUj−1} −Qj + {Sj}+ + {Sj}− ,
where in Tj (ξ) there are not the term corresponding to l = 1 for div.
10
Now we solve the problem on Uj exponentially stabilizing to some constants. We choose this constant
equal to 0 at −∞. At +∞ we have U˜j → q˜j . To make Uj → 0 as ξ1 → +∞, we subtract this constant
for all ξ1 > 0; we set
Uj =
{
U˜j for ξ1 < 0
U˜j − q˜j for ξ1 > 0.
This function Uj is exponentially decaying at ∞. Then we put the compensating condition for cj at
x1 = 0 : [cj ] = q˜j .
Another interface condition for cj is (20).
4.3 The boundary layer in a ”bifurcation area”.
Consider the convection-diffusion equation in a one bundle structure with the common point O (i.e. the
origin of the coordinate system). We will construct an asymptotic expansion in the neighborhood of the
point O (that will be good in all the channels Bεi ). First we construct a regular expansion as in section
4.1 for every branch Bεi making the local change of variables by rotation in such a way that new x1 axis
(denoted xei1 ) contains the segment ei. Let us denote the approximation ĉ
(k)
εr for ei as
ĉ(k)eiεr (x) =
k∑
j=0
εjcj
(
xei1 ,
xei2
θiε
)
− εk+1ĉk+1
(
xei1 ,
xei2
θiε
)
.
Here (xei1 , x
ei
2 ) are new local variables related to the segment ei, and θiε is the thickness of the channel
Bεi . Then, as in section 4.2, we construct the boundary layer corrector
c
(k)
εbl =
k∑
j=0
εjUj
(x
ε
)
such that
|Uj (ξ)| ≤ c1e−c2|ξ|, c1, c2 > 0.
Consider an asymptotic approximation
c
(k)
εb =
n∑
i=1
ĉ(k)εr
(
xei1 ,
xei2
θiε
)
χi (x) ρ
(
αxei1
ε
)
+
k∑
j=0
εjUj
(x
ε
)
, (21)
where χi is a characteristic function of B
ε
i (χi (x) = 1 if x ∈ Bεi , and 0 if not); α is a number such that
each point of the circle of a radius αε with center O belongs to at most one rectangle Bεi (i = 1, ..., n)
and it does not intersect the domain γεO. It means that the variation of the function ρ from 1 to 0 occurs
out of this circle.
Fig. 3
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Assume that the right hand side is equal to zero in some neighborhood of O. Then for every i = 1, ..., n
for x ∈ Bεi
Lεc
(k)ei
εb − g (xei1 ) = −Lε
(
ĉ(k)eiεr
(
1− ρ
(
αxei1
ε
)))
+
(
1− ρ
(
αxei1
ε
))(
Lεĉ
(k)ei
εr − g
)
+
+ Lε
 k∑
j=0
εjUj
(x
ε
)+Rk,
where Rk = ρ
(
αxei1
ε
)(
Lεĉ
(k)ei
εr − g
)
. Inside the circle B (0;αε) we get: g = 0, ρ = 0 and so
Lεc
(k)ei
εb − g = Lε
 k∑
j=0
εjUj
(x
ε
) .
Here the terms
(
1− ρ
(
αxei1
ε
))(
Lεĉ
(k)ei
εr − g
)
and ρ
(
αxei1
ε
)(
Lεĉ
(k)ei
εr − g
)
are bounded by εkconst.
So we will define Uj in such a way that out of the circle B (0;αε) we have
Lε
 k∑
j=0
εjUj
(x
ε
)− n∑
i=1
Lε
(
ĉ(k)eiεr χi
(
1− ρ
(
αxei1
ε
)))
to be equal to zero up to the terms of order εk and inside the circle,
Lε
 k∑
j=0
εjUj
(x
ε
) = 0.
Expand each ĉ
(k)ei
εr in powers of εξ
ei
1 :
ĉ(k)eiεr =
k∑
j=0
εj
j∑
l=0
εl
l!
(ξei1 )
l ∂
lceij
∂ (xei1 )
l
(0, ξei2 ) +Rk =
=
k∑
r=0
εr
r∑
l=0
ξl1
l!
∂lceir−l
∂ (xei1 )
l
(0, ξei2 ) +Rk, ξ
ei
2 =
xei2
ε
.
Consider domain Ω0 = γ0 ∪
n⋃
i=1
Ωi, where Ωi is the half-strip
{
(ξ1, ξ2) ∈ R2 : ξei1 > 0, |ξei2 | <
θi
2
}
. So for
Uj we get equation:
κ∆Uj (ξ)−V (ξ) · ∇ξUj−1 (ξ) + Tj (ξ) = 0, ξ ∈ Ω0,
where
Tj (ξ) =
{
T eij (ξ) if ξ ∈ Ωi out of the circle B (0, α) ,
0 inside the circle B (0, α) ,
T eij (ξ) = κ∆ξ
(
j∑
l=0
(ξei1 )
l
l!
∂lcj−l
∂ (xei1 )
l
(0, ξei2 )× (1− ρ (αξei1 ))
)
−
−V (ξ) · ∇ξ
(
j∑
l=0
(ξei1 )
l
l!
∂lcj−1−l
∂ (xei1 )
l
(0, ξei2 )
)
.
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For the boundary conditions on ∂Ω0:
±
k∑
j=0
εj−1κ
∂Uj
∂ξei2
±
k∑
j=0
εj−1κ
∂ceij
∂ξei2
(xei1 , ξ
ei
2 ) (ρ (αξ
ei
1 )− 1) =
= εβ
k∑
j=0
εjUj +
k∑
j=0
εjceij (ρ (αξ
ei
1 )− 1) , out of the circle B (0, α)
and
±
k∑
j=0
εj−1κ
∂Uj
∂nξ
= εβ
k∑
j=0
εjUj , inside the circle B (0, α)
up to the terms of order εk. This gives
κ
∂Uj
∂nξ
= Sj (ξ) , ξ ∈ ∂Ω0,
where
Sj (ξ) =

−
{
±
j∑
l=0
κ
(ξei1 )
l
l!
∂l+1ceij−l
∂ξei2 ∂ (x
ei
1 )
l
(0, ξei2 ) (1− ρ (αξei1 ))−
−β
j−2∑
l=0
(ξei1 )
l
l!
∂lceij
∂ (xei1 )
l
(0, ξei2 ) (1− ρ (αξei1 ))− βUj−2,
}
out of the circle B (0, α) on ∂Ωi,
+βUj−2, inside the circle B (0, α) on ∂Ω0
.
Necessary and sufficient condition of existence of a bounded solution Uj :
{Tj (ξ)−V (ξ) · ∇ξUj−1}Ω0 = {Sj}∂Ω0 ,
where
{·}Ω0 =
∫
Ω0
·dξ and {·}∂Ω0 =
∫
∂Ω0
·ds.
This condition gives one interface condition for
∂cei
∂xei1
(0ei), the limit value of the derivative
∂cei
∂xei1
on ei
in the origin of ei :
{Tj}Ω0 = −
n∑
i=1
κθi
∂ceij−1
∂xei1
(0ei)−
n∑
i=1
κθi
∂c˜eij−1
∂xei1
(0ei , ξei2 ) + all other terms of Tj except l = 1 for ∆ξ.
So, we get Kirchoff type condition:
−κ
n∑
i=1
θi
∂cj−1
∂xei1
(0ei) = gj
where gj depends on c0, ..., cj−2.
Now we solve the problem on Uj in Ω0; it stabilizes exponentially to some constants q˜ji at every
branch Ωi. This solution Uj corresponds to some values of c
ei
j (0
ei) that enter in the expression for
T eij (when l = 0). If we change these values adding q˜ji then the solution Uj will be transformed into
Uj − ρ (αξei1 ) q˜ji which tend to zero as |ξ| → +∞.
It means that for every j we have to solve first the problem for cj , that is, an ordinary differential
equation on every ei, Kirchoff condition for
∂cj−1
∂xei1
in 0 and continuity condition for cj in 0, solve the
problem for Uj and then modify the values cj (0
ei) in such a way that Uj → 0 as |ξ| → +∞.
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4.4 The entrance/exit element
In this case the boundary layer is constructed in the following way. It satisfies equation (12), boundary
conditions (13) everywhere except the part Γs, where Uj = qsδ0j . There is no more necessary and suffi-
cient condition for the existence of a bounded solution. This bounded solution exponentially stabilizes
to some constant. Then we redefine the value cj (xbs) in such a way that U → 0 as ξei1 → +∞. In
particular, c0 (xbs) = qs and U0 = (1− ρ) qs.
4.5 Algorithm of assembling of an asymptotic solution
Let us describe more precisely the algorithm of the assembling of the different structural elements in the
construction of the asymptotic expansion.
For c0 we get from the construction of the subsection 4.1 the 1D convection diffusion equation
κθi
∂2cei0
∂ (xei1 )
2 − 〈Vp〉θi
∂cei0
∂xei1
+ θig (x1) = 2βc
ei
0 , for every ei, (22)
〈Vp〉θi =
∫ θi
2
−
θi
2
Vp (ξ
ei
2 ) dξ
ei
2 .
At every stenosis point xs we get the interface conditions[
κ
∂cei0
∂xei1
]
= 0 and [cei0 ] = 0. (23)
At every bifurcation point xb that is an end point of segments e1, ..., en we get
κ
n∑
i=1
θi
∂cei0
∂xei1
(xb) = 0 (24)
and cei0 (xb) = c
ej
0 (xb) ∀i, j ∈ {1, ..., n} (continuity).
At every entrance/exit point xt we set c
ei
0 (xt) = qt, t = 1, .., r, where xt is an end-point corresponding
to Γt.
Then for every j we get analogous problem for cj with some right hand sides depending on previous
approximations c0, ..., cj−1. We solve the problem for c˜j and then for Uj . We define the interface values
ceij (xb) for all segments ei having xb as an end point in such a way that Uj → 0 for |ξ| → +∞.
Remark 3 Every function cei0 related to ei depends on the local variable x
ei
1 such that x
ei
1 = 0 in one
of the end points of ei. Therefore we get two local variables x
ei
1 ”starting” from each of two ends of the
segment ei; therefore, if we denote x
ei+
1 and x
ei−
1 these two different local variables, we get the relation
for these variables xei+1 = |ei| − xei−1 . Let us give more details. Every segment ei having two end points
Oi1 and Oi2 can be associated to two possible local coordinate systems: one of them (denoted by Ox
ei1 )
has its origin in Oi1 and another in Oi2 (denoted by Ox
ei2 ). Therefore for every differential equation
(22) or for every junction condition this system should be chosen and fixed. The evident change variable
relation for any function f defined on the segment ei is:
f
(
x
ei1
1
)
= f
(|ei| − xei21 ) ,
where |ei| is the length of the segment, in the left side we use the first variable of the system Oxei1
and in the right side − the first variable of the system Oxei2 . Consequently, for x = Oi1 , we have
∂f
∂x
ei1
1
(0) = − ∂f
∂x
ei2
1
(|ei|) .
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4.6 Justification: draft.
Substituting the asymptotic solution of a form (21) we satisfy the convection-diffusion equation with a
discrepancy O
(
εk
)
in L2 norm. The boundary conditions are satisfied with the same accuracy. Then
applying the Poincare´-Friedrichs inequality for rod structures (see [1]) and the a priori estimate derived
from the variational formulation, we get that∥∥∥cε − c(k)ε ∥∥∥
H1(Bε)
≤ C√εεk,
where C does not depend on ε.
In particular the leading term c0 satisfies the following estimate
‖cε − c0‖L2(Bε) ≤ Cε.
5 The partial asymptotic domain decomposition
The constructed above asymptotic expansions of the solutions of the Stokes problem (1), (4), (6) and the
diffusion-convection-sorption problem (2), (5), (7) allow us to apply the idea of the partial asymptotic
domain decomposition [7, 10]. We will cut off the two-dimensional subdomains of Bε containing the
”stenosis areas”, bifurcations and eventually (for the Stokes problem) the entrance and exit elements
by the lines orthogonal to the rectangles Bεj at the distance δ = Kε |ln ε| from the nodes (bifurcation
points) and from the nodal points of the stenosis areas. We will call these subdomains the 2D zoom
zones. Here K is independent of ε and will be defined later.
Then we pass to the 1D description out of these subdomains. It means that we pass to the projection
of the variational formulation of the Stokes problem on the Sobolev subspace of vector-valued functions
having the Poiseuille ”parabolic” shape out of these subdomains (see [8, 9]).
For the diffusion-convection-sorption problem we apply the projection on the Sobolev space of func-
tions having vanishing derivatives of order greater than 2k in the direction orthogonal to Bεj (also out
of these 2D zoom zones). This choice of the projection space is motivated by Lemma 2 and formula
(14). This gives us a variational formulation of the partially decomposed diffusion-convection problem
and according to the general theory of the error estimate for the method of partial asymptotic domain
decomposition ([9, 10]) we get the estimates:
- for the difference of uε and u
dec
ε,δ (solution of the partially decomposed problem for Stokes equation)
we get as in [8] that for any N there exists K independent of ε such that, if δ = Kε |ln ε| then∥∥uε − udecε,δ ∥∥H1(Bε) ≤ O (εN)√ε;
- for the difference of cε and c
dec
ε,δ (solution of the partially decomposed problem for the diffusion-
convection equation) we get that there exists K independent of ε such that, if δ = Kε |ln ε| then∥∥cε − cdecε,δ ∥∥H1(Bε) ≤ O (εk)√ε. (25)
These estimates justify the application of the MAPDD.
Remark 4 The interface conditions between the 2D parts of the domain and the 1D parts follows from
the variational formulation for the partially decomposed problem by integrating by parts.
Remark 5 Although for k = 0 estimate (25) is not too precise, we will hold below a numerical experiment
comparing the difference between the exact solution and the solution of partially decomposed problem
in this simpliest case, when the projection space consists of functions with vanishing first transversal
derivative out of the 2D zoom zones.
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6 Numerical experiments
Here we will compare the solution of the leading term 1D equation (22)-(24) to the numerical FEM
solution of the coupled 2D flow-diffusion problem (1), (2), (5), (6), (7) in a thin rectangle (0, 1)× (0, ε).
We will trace the boundary layer zones.
O 1
Fig. 4: Thin rectangle (”straight
channel geometry”)
In the second part of this section we will discuss the numerical solution attained by the MAPDD for a
one boundle tube structure corresponding to three segments e1, e2, e3.
e
1
e
2
e
3
2
3
Fig. 5: One bundle tube structure
The finite element discretization of the Stokes equations (1) is based on the classical P2/P1 lagrangian
finite element test functions in combination with the triangular finite element mesh. More precisely, the
velocity field is approximated by quadratic lagrangian test functions while the pressure field is approx-
imated with linear lagrangian test functions. As it is well known, this finite element flow formulation
satisfies the classical Babuska-Brezzi [11] compatibility condition and consequently produces numerically
stable and adequate solution strategy for Stokes and Navier-Stokes problems. The concentration field c
is approximated by quadratic lagrangian test functions. Finally, we would like to mention that for the
studied flow conditions, no specific divergence problems were encountered.
6.1 Straight channel geometry
Before analyzing the case of a 2D bifurcation problem, we will present some results concerning the simple
straight channel rectangle geometry Bε = (0, ε) × (0, 1) . The main goal is to compare the predictions
of our two methods (complete 2D and asymptotic 1D model) in this simple flow conditions: ε is taken
equal to 0.05, viscosity µ = 1.
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In this case, the velocity distribution is described by a planar Poiseuille flow given by formula (8).
The entry concentration is fixed as q0 = 1, while the exit concentration is maintained to be q1 = 0.5.
We calculate the solutions for β = 0.4 and three different values of the diffusion coefficient κ. The
comparison of 2D solution and the 1D asymptotic solution is presented at Fig. 6.
These variations of the diffusion coefficient are taken in order to find the limits of the asymptotic
approximation. This asymptotic analysis was applied under the hypothesis of absence of other small
parameters in the model. Indeed, when the diffusion coefficient becomes a second small parameter then
the asymptotic analysis taking into account only one small parameter may be not too precise.
(a)
(b)
(c)
Fig. 6: Distribution of the velocity field and distribution of the concentration for values
(a) κ = 0.01, (b) κ = 0.1, (c) κ = 1.
Steady state concentration distribution: color map shows the concentration distribution;
the arrows show that the total flux density for the concentration distribution
(i.e., diffusive plus convective flux).
At low diffusion (Fig. 6(a) and 6(b)), the concentration distribution seems to be essentially 2D and
therefore one can expect some differences between the corresponding 1D and 2D approaches. On the
other hand, when the diffusion increases, the concentration iso-levels become more and more planar
and, consequently, we can expect better performance from the 1D approach. This analysis is further
confirmed by the direct comparison between the predictions of the 1D and the 2D approaches presented
in Fig. 7.
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Fig. 7: Direct comparison between the 2D (full line) and 1D (dashed line) numerical
predictions for 8 different values of the diffusion κ.
Concentration distribution: full line stands for the average over a cross-section of
concentration distribution for the 2D geometry;
dashed line and dots stand for the 1D concentration distribution.
As we can see from Fig. 7, some differences between 1D and 2D predictions exist only for the value
of κ = 0.01 when the diffusion is 5 times smaller than ε. So the numerical experiment confirms the great
precision of the asymptotic solution (even in the case of small diffusion coefficient!).
6.2 2D bifurcation geometry
In this part, we extend our study to a more complex 2D bifurcation geometries. The 2D flow geometry
is presented in Fig. 8(a). As it is seen from this figure, each channel could have different thickness and
could be expressed in terms of so called streamline function ψ according to the following definition:
∂ψ
∂x
= −Uy; ∂ψ
∂y
= Ux (26)
which is calculated as a solution of the following differential equation
∆ψ =
∂Ux
∂y
− ∂Uy
∂x
. (27)
The flow kinematics around the bifurcation point is illustrated in Fig. 8(a). The corresponding pressure
distribution is given in Fig. 8(b). As it is predicted by the asymptotic analysis, the pressure gradient in
each arm is constant and naturally depends on the channel thickness and flow rate distribution.
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(a) (b)
(c) (d)
(e) (f)
Fig. 8: Model of the Stokes flow and the convection/diffusion process in a one boundle tube struc-
ture: (a) flow kinematics, (b), (c) pressure distribution in the bifurcation zone, (d) and (e) iso-lines of
concentration for two values of κ : κ = 0.25 (d) and κ = 0.10 (e), (f) comparison between the 2D and
MAPDD solutions for the diffusion κ = 0.1, 1 and 10.
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It is important to emphasize that each geometry corner represents a singular point for the pressure,
which can be seen at Fig. 8(c). These peaks are predicted by the corner singularities analysis ([4, 13,
14, 15]). Two typical solutions representing the cases of lower (κ = 0.25) and higher (κ = 10) diffusivity
are given in Fig. 8(d) and 8(e). Like in the previously analyzed geometries, there is a critical diffusivity
value, which ensures the validity of the simplified 1D approach. In Fig. 8(f), we have given the direct
comparison between 1D and 2D predictions. As it is seen from these figures, the critical diffusivity value
is around 1.
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